Massive multiple-input multiple-output (MIMO) system uses a large number of antennas in the base station (BS) serving a set of users in order to increase the spectral efficiency. The pilot-contamination is considered the most remarkable impairment that limits the performance of massive MIMO system. In this paper, two different pilot assignment approaches are jointly proposed to reduce pilot contamination effect. A time-shifted pilot assignment (TSPA) approach is used, where a cellular network is divided into exclusive groups, wherein users in the same group send their uplink-pilots simultaneously, while other users receive their downlink-data. Through the uplink-pilot phase, a heuristic weighted graph coloring-based pilot assignment (WGC-PA) approach is used to reduce intra-group interference caused by pilot contamination. Different uplink-pilots are allocated to the users in the same group having the largest pilot contamination severity (PCS), whereas other users with the smallest PCS share the same uplink-pilots. To divide the cellular network into exclusive groups, we propose a cells grouping technique based on the adjacent distance between cells. This proposed technique uses a backtracking based graph coloring algorithm. It ensures that no two adjacent cells are in the same group in the time-shifted approach. The simulation results show that the proposed joint WGC/TS-PA strategy not only reduces the pilot contamination effect but also reduces computational complexity than the weighted graph coloring approach. . He has authored and coauthored of more than 40 articles and six books. He is involved in different research areas including study of memristors modeling and based circuits, resonant tunneling diodes modeling and its tera-hertz circuits, time-varying data converters, low power analog and digital integrated circuits, and recently, digital communication systems.
I. INTRODUCTION
Quite recently, considerable attention has been paid to massive multiple-input multiple-output (MIMO) system as a promising technology to meet the requirements of the fifth generation (5G) cellular network. Massive MIMO depends on spatial multiplexing. So more accurate channel knowledge is required for both uplink and downlink transmission. At the base station (BS), the uplink channel is estimated using the orthogonal pilot sequences sent from each user equipment (UE). Since the channel coherence time is restricted, the uplink-pilot sequences are reused among the cells in the cellular network [1] . The estimated uplink channel is contaminated by the UEs in the other cells that use the same pilot sequence which leads to the so-called pilot contamination effect. This pilot contamination does not vanish even with an unlimited number of BS antennas [1] .
The associate editor coordinating the review of this manuscript and approving it for publication was Lei Guo . In the literature, many researchers proposed various methods to mitigate the pilot contamination problem [2] . There are three main approaches [3] ; namely precoding approach, channel estimation approach, and pilot assignment approach [4] - [23] . The pilot decontamination using precoding approach was proposed in several works [4] - [7] . In [4] , a new linear precoding approach is proposed to minimize the mean square error of channel estimation in the cellular network. Although it has a simple closed-form, this precoding approach is complex and all UEs are assumed to be at an equal distance from BS. Also, A. Ashikhmin et al. proposed a pilot contamination precoding (PCP), in which messages of UEs sharing the same uplink-pilot sequences are combined [5] . The obtained results demonstrated that using the PCP approach with an unlimited number of BS antennas provides an interference-free wireless system. However, in a realistic massive MIMO system the number of BS antennas is limited. On the other hand, J. Zuo, et al. proposed a beamforming training/pilot contamination precoding (BT-PCP) approach [6] . Unlike conventional PCP in [5] , in BT-PCP, the number of BS antennas is finite. Noting that, the PCP has two phases in the time division duplexing (TDD) system: uplink-pilot and downlink-data transmission phase, whereas the BT-PCP has an additional phase in which the BS beamforms downlink-pilots and each UE estimates its channel state information (CSI). This additional phase makes the BT-PCP approach outperforms conventional PCP [6] . However, because of the high mathematical complexities resulted from the correlated channel, the BT-PCP approach focused on the uncorrelated channel. In [7] , a large-scale fading precoding (LSFP) was proposed to eliminate inter-cell interference. However, the LSFP approach requires sharing both UEs' symbols and large scale fading coefficients among BSs. Recently, the channel estimation approach is used to reduce pilot contamination [8] - [11] . The channel is blindly estimated from the received data using eigenvalue decomposition (EVD) [8] . Also, the authors in [9] suggested a low-rate coordination among BSs during the phase of channel estimation. However, this approach requires the second-order statistics about the UEs' channels. While a maximum a posteriori (MAP) estimator was proposed in [10] to estimate the uplink-channel. The use of MAP estimator improves the system performance at the cost of increasing complexity. In [11] , a complex nonlinear blind channel estimation was proposed using singular value decomposition (SVD) of the received signal. Recently, many publications focus on different pilot assignment approaches [12] - [23] . A time-shifted pilot assignment (TSPA) approach was suggested in [12] . According to this approach, the cellular network is divided into exclusive groups, whereby UEs in the same group send uplink-pilots simultaneously, while UEs in the other groups receive downlink data. A combined approach of the time-shifted pilot and power allocation was proposed in [13] to increase the performance of the time-shifted pilot approach. The pilot decontamination using time-shifted were studied in [14] . The simulation results showed that the time-shifted approach can significantly improve the performance over the time-synchronized approach [14] . In [15] , the two types of time-shifted approach were discussed; namely, downlink-data overlap and uplink-data overlap. In this reference, considering uplink and downlink transmission, a linear minimum mean square error (LMMSE) estimator was used [15] . The results demonstrated that the two types of time-shifted pilot approach can improve system performance. The TSPA proposed in [16] shows that pilotto-downlink-data interference can be eliminated by sending a null symbol. The TSPA approach in [12] - [16] eliminates the inter-group pilot contamination. However, it suffers from the intra-group pilot contamination and there is no suggestion about any cells grouping approach. On the other hand, a smart pilot assignment approach was proposed in [17] , in which the uplink-pilot with the smallest interference is assigned to the UE having the worst CSI in a sequential way. This approach ensures minimum interference in the target cell. However, in the other cells, the pilots are assigned randomly. Assigning uplink-pilots inspired by the weighted graph coloring method was presented in [18] , [19] to reduce the pilot contamination effect with acceptable computational complexity compared with the exhaustive search method. This approach is denoted as the weighted graph coloring-based pilot assignment (WGC-PA) approach [19] . The results in [19] demonstrated that the performance of the WGC-PA approach has a small gap less than the exhaustive search method. Also, a vertex graph coloring based pilot allocation with correlated Rayleigh fading channel modeling was proposed in [20] . However, this approach requires not only the distances between UEs but also the angle of arrival (AOA) correlation [20] . Joining two different pilot assignment approaches in [21] - [23] was considered to improve the performance over individual approach. The joint asynchronous time-shifted pilot/coordinated channel estimation scheme in [21] utilizes the advantages of both two schemes [9] , [12] . However, as mentioned above, the coordinated channel estimation scheme requires high computational complexity [9] . Also, a time/space domain joint pilot assignment scheme was proposed [22] , in which uplink-pilots are allocated in both time and space domains by asynchronous and smart pilot approaches, respectively [12] , [17] . Also in [23] , the time-aligned and time-shifted approach was combined. This combination utilizes the advantage of the time-shifted approach in reducing pilot contamination. Furthermore, this combination improves the achievable rate by exploiting the benefit of the time-aligned approach [23] . Unfortunately, there is no suggestion about how the cells are grouped [23] .
In the last few years, there has been a growing interest in applying graph coloring algorithms in resource allocation problems as they can handle the interference and conflict [24] . There are two approaches for the graph coloring: exact approach and heuristic approach [25] . The exact algorithms can get the optimal solution, but they can be only used for the small size graphs [26] . One of the most useful exact graph coloring algorithms is the backtracking algorithm [27] , which is used in this paper for cells grouping. On the contrary, heuristic algorithms can handle large-size graphs. Although the heuristic algorithms can get the suboptimal solution in an acceptable computational time, there is no guarantee to get the optimal solution [26] . An example of a famous heuristic graph coloring algorithm is the degree of saturation (DSATUR) algorithm [19] , which is used in this paper jointly with the TSPA approach for assigning uplink-pilots among UEs to reduce interference.
In this paper, two different pilot assignment approaches are jointly applied to mitigate the pilot contamination effect in the massive MIMO system. These two approaches are the TSPA approach in [12] and the WGC approach in [19] . Our proposed joint WGC/TSPA strategy utilizes the advantages of both approaches. In the TSPA approach, the cellular network is divided into exclusive groups, whereby UEs in the same group send uplink-pilots simultaneously, while UEs in other groups receive downlink-data. Therefore, the TSPA approach eliminates inter-group pilot contamination interference. However, the TSPA approach suffers the following limitations: intra-group interference among the cells in the same group, no suggestion strategy for cells grouping, perfect synchronization among cells is required, and pilot-to downlink-data interference. The first two limitations are addressed in this paper by using both types of graph coloring algorithms. Firstly to minimize intra-group interference, the exhaustive WGC-PA approach is used during the uplink-pilot phase of each group. The WGC-PA approach is inspired by the DSATUR heuristic graph coloring algorithm, where the available uplink-pilot sequences act as the available colors, the UEs as the vertexes of the graph, and a pilot contamination severity (PCS) between two UEs as a weight of vertex between two edges. The WGC-PA approach assigns different pilots to UEs in the same group having large PCS in a greedily way with limited pilot resources. Secondly, although several studies have indicated that the cells grouping in the TSPA approach reduces pilot contamination, no attention has been given to how these cells are grouped. The main contribution of our paper is a new cells grouping scheme based on the distances between BSs using the exact graph coloring algorithm. Our proposed cells grouping scheme guarantees that no two adjacent cells in the same group. The simulation results show that our proposed joint WGC/TS-PA strategy not only improves the system performance but also reduces computational complexity than the WGC-PA approach in [19] . The TSPA approach eliminates the inter-group interference, on the other hand, the WGC-PA approach reduces the intra-group interference. Both approaches improve the overall performance of the system. Definitely, because pilots are allocated to only one group instead of allocation to all cells in the system, the TSPA approach is responsible for the computational complexity reduction. Two different graph coloring algorithms are used in this paper; namely, backtracking-exact graph coloring algorithm and DSATUR-heuristic graph coloring algorithm. Because the interference between any two adjacent cells is critical, the exact graph coloring is used in cellular network planning to obtain optimal cells grouping at the cost of time and complexity. On the other hand, the heuristic graph coloring algorithm is used for assigning pilots among UEs as a suboptimal solution because pilots are allocated at channel coherence time.
The rest of the paper is organized as follows. In Section II, the system model is described. The joint WGC/TS-PA strategy is proposed in Section III. Section IV presents the simulation results. Finally, Section V is devoted to the main conclusions.
II. SYSTEM MODEL
A multi-cell multi-UE massive MIMO cellular system is considered throughout this paper. The cellular network consists of L hexagonal cells, each cell contains a central BS with M antennas and K single-antenna UEs. The UEs are assumed to be placed uniformly over the whole cell [1] . The TDD system is assumed in this paper. In TDD, the channel reciprocity principle is considered, where the downlink channel is obtained from conjugate-transpose of the uplink channel [1] . The vector g l ik ∈ C M ×1 denotes the channel vector from the k-th UE in the i-th cell to the BS in the l-th cell, i.e., the superscript denotes the BS index, whereas subscript denotes the index of both cell and UE, respectively. The channel vector can be modeled as [1] 
where h l ik ∈ C M ×1 denotes the small scale fading (SSF) vector whose elements are independent and identically distributed (i.i.d.). So, h l ik has a complex normal distribution with zero mean and unit variance, i.e., h l ik ∼ CN (0,
On the other hand, β l ik ∈ R denotes the large scale fading (LSF) coefficient and is modeled as [1] β
where d l ik denotes the distance between the k-th UE of the ith cell and the BS in the l-th cell, α is the decay exponent, and f l ik is the shadow fading random variable which has a log-normal distribution with zero mean and σ 2 shadow is the variance, i.e., 10 log 10 (f l ik ) ∼ N (0, σ 2 shadow ). The channel matrix between the i-th and l-th BSs can be represented as [28] 
where B l i ∈ C M ×M , β l i ∈ R denotes the LSF coefficient between the i-th and l-th BSs, and H l i ∼ CN (0, I M ) ∈ C M ×M denotes the SSF matrix between the i-th and l-th BSs.
A block fading channel modeling is also considered, where the channel vector does not change during the coherence interval with T symbols.
A. TIME-SHIFTED PILOT ASSIGNMENT (TSPA) APPROACH
There are two duplexing systems available for any wireless communication system: frequency division duplexing (FDD) and time division duplexing (TDD). Unlike traditional MIMO systems which use FDD system, in massive MIMO systems, the TDD system is preferable. Since with FDD, both the number of the downlink-pilots and the estimated downlink-channels by UEs are dependent on the number of BS antennas [3] . The coherence block (T ) is defined as the multiplication of the coherence time (τ c ) and the coherence bandwidth (B c ), i.e., T = τ c B c , where τ c is the time during which the channel is constant and B c is the frequency band over which the channel is flat fading [29] .
The coherence block in TDD system consists of four successive phases [28] : 1) Firstly, each UE sends its uplink-pilot of τ p symbols.
2) Secondly, BSs estimate the channel vectors. Based upon these estimates, both downlink precoding and uplink combining vectors are computed. 3) Then, the precoded downlink-data (τ d symbols) is transmitted to UEs. 4) Finally, all UEs transmit uplink-data (τ u symbols) to their BSs. Fig. 1 illustrates the synchronous and asynchronous pilot transmission schemes in the TDD system. In synchronous pilot approach, the TDD four phases are performed simultaneously in all cells as shown in Fig. 1(a) . This scheme suffers from pilot contamination interference. Therefore asynchronous (time-shifted) pilot approach was proposed in [13] to reduce this contamination. The time-shifted pilot assignment (TSPA) approach is considered through this paper, whereby the whole cellular network (denoted as G) is partitioned into groups, i.e., G 1 , G 2 , . . . , G , and the number of cells per group is N = L , where · is the ceiling function. During any symbol interval, except uplink-data phase, there is only one group sending uplink-pilot, while the other groups are transmitting downlink-data [28] as shown in Fig. 1(b) . Fig. 2(a) shows the TDD coherence block of the synchronized pilot approach, i.e., = 1, whereas Fig. 2 (b) describes the TDD coherence block of the TSPA approach with four groups of cells, i.e., = 4.
At the TSPA approach, for any group in Fig. 2(b) , the coherence block starts at the beginning of the pilot phase in the current frame and ends before the pilot phase of the next frame [15] , [28] . Therefore, for groups 2, 3, and 4, the precoding vector of the downlink-data located before the pilot phase of the current frame, is obtained from the channel estimate in the previous frame [15] .
In the indoor scenario, where the mobility of UE is low, the coherence block is long and hence larger number of groups can be used. In contrast, in the outdoor scenario, where the mobility of UE may be high, the coherence block is short. Therefore, a smaller number of groups is recommended.
B. PROPOSED CELLS GROUPING USING GRAPH COLORING ALGORITHM
Although the TSPA approach in previous researches is an effective way to reduce interference between groups [12] - [14] , there is no explicit suggestion of how cells are grouped.
The main purpose of the grouping in the TSPA approach is to reduce the effect of pilot contamination. So, the cellular network must be planned in such a way that no adjacent cells are in the same group. More specifically, the cells are assigned to groups, in such a way that the minimum distance between any pairs of BSs in the same group is maximized. This can be represented as the following linear bottleneck optimization problem P 1
where (d l i ) γ is the distance between the i-th and l-th BSs in the γ -th group and ω j,γ is the cell assignment indicator. ω j,γ = 1 indicates the j-th cell is allocated to the γ -th group, otherwise ω j,γ = 0. The objective function of P 1 is to find the optimum cell assignment indicators, ω j,γ , that maximize the minimum distance between any pairs of BSs in the same group. Constraint (6) ensures that each cell in the cellular system is allocated only to one group. Constraint (7) implies that each group must contain at least one cell. Finally, the third constraint guarantees that the cell assignment indicators ω j,γ are binary variables.
The grouping of cells in the TSPA approach based upon the adjacent distance between BSs can be considered as a graph coloring problem. Hence, a graph G 1 is defined as
, where the two sets V 1 and E 1 are the vertices and edges of the graph G 1 , respectively.
• The vertex set V 1 implies all BSs in all cells, i.e., V 1 = {l : 1 ≤ l ≤ L}. • The edge set E 1 implies the distances between BSs, i.e., E 1 = {d l i : i = l, 1 ≤ i, l ≤ L}. • Each color represents a group that contains N cells. The exact graph coloring is used for cells grouping to get the optimum solution. The backtracking algorithm is one of the most popular exact graph coloring algorithms.
In backtracking algorthim, a possible partial solution is constructed and evaluated to obtain optimum solution. During the backtracking procedure, if there is no more extension for a possible partial solution, the algorithm will backtrack to the previous partial solution. The process of extension and backtracking is continued until the optimum solution is obtained [27] .
The steps of the proposed cells grouping scheme in TSPA using backtracking-graph coloring algorithm are:
1)
Step 1: Input the maximum adjacency distance between two cells denoted as (d adj ). If the distance between two cells is less than adjacency distance (d adj ), then, they will be considered adjacent. The adjacent cells cannot be allocated to the same group. 2) Step 2: Based on d adj , the adjacency matrix of the network graph is built.
3)
Step 3: Call BacktrackingGraphColoring algorithm that takes the adjacency matrix as its input and output the minimum color required denoted as (nColor). 4) Steps 4: The number of groups = nColor. 5) Steps 5: Use vertexes (i.e., BSs) with the same color in the same group.
For a given adjacency distance, the algorithm ends off with a limited number of groups (range from 1 to the number of cells L). If we increase the adjacency distance, more groups are required, and if we decrease it, fewer groups are required to cover the entire cells. Hence, the number of groups is an increasing function of the adjacency distance. Thus, for a given value of the adjacency distance (d adj ) between two cells in the same group, the above scheme calculates the number of groups in such a way that no two adjacent cells are in the same group. Fig. 3 shows various cells grouping schemes for different values of the adjacency distance (d adj ) between two cells in the same group. In Fig. 3(a) , at d adj < 1.75R, the number of groups is one, i.e., = 1, where R is the radius of the cell. In fig. 3(b) , at d adj = 2.5R, the number of groups is three, i.e., = 3. In Fig. 3(c) , at d adj = 3R, the number of groups is four, i.e., = 4. Finally, in Fig. 3(d) , at d adj = 3.5R, the number of groups is seven, i.e., = 7. The proposed cells grouping scheme can be also applied at any value of d adj .
Although the backtracking algorithm obtains the optimal solution for cells grouping, this can take a relatively long time. This is appropriate in our situation as the cells grouping is done only once during the system planning and design.
C. CHANNEL ESTIMATION
Suppose that S is the total available uplink-pilot sequences, where (S ≥ K ), and only K pilot sequences are assigned to the UEs according to the pilot assignment strategy that will be explained later in Section III. Assuming S uplink-pilot sequences = [ψ 1 , ψ 2 , . . . , ψ S ] T ∈ C S×τ p of length τ p are mutually orthogonal in the same cell, i.e., the inner product between any two different pilots is equal to zero, where (·) T denotes the transpose of the matrix. Also, all uplink pilot sequences form an orthonormal basis such that † = I S , where (·) † denotes the conjugate-transpose of the matrix. These pilot sequences are reused in the other cells in the same group.
According to the TSPA approach, the cellular system is divided into groups, i.e., (G 1 , G 2 , . . . , G ) and here we investigate only one arbitrary group, i.e., the γ -th group. During the uplink-pilot phase of the γ -th group G γ , the other groups send downlink-data. Thus, the received uplink-pilot signal at the BS in the l-th cell
where Y pilot l ∈ C M ×τ p , ρ denotes the uplink-pilot power, ψ k ∈ C τ p ×1 is the pilot sequence vector for the k-th UE, ρ d is the downlink-data power, w ik =ĝ i ik ĝ i ik is the M × 1 maximum ratio transmission (MRT) precoding vector for the k-th UE in the i-th cell, where · is the norm operation, q ik ∈ C 1×τ p is the corresponding downlink-data vector, and N pilot l ∈ C M ×τ p is the additive white Gaussian noise (AWGN) matrix, whose elements are independent and identically distributed (i.i.d.) with zero mean and unit variance, i.e., ∼ CN (0, 1).
The second term in (8) represents pilot-to-downlink-data interference. In contrast to pilot contamination interference, the pilot-to-downlink interference vanishes as the number of BS antennas tends to infinity [13] , [15] .
Using least square (LS) estimation in the l-th BS, the estimated M × 1 channel vector of the k-th UE in the l-th cell can be represented as [22] , [28] 
where (·) * is the complex conjugate and n pilot lk
The normalized mean square error (NMSE) of the channel estimation is considered to measure the relative estimation error per antenna [29] . The NMSE of the channel estimation between the BS in the l-th cell and the k-th UE in the i-th cell is calculated as
where E{·} is the expectation.
D. UPLINK-DATA TRANSMISSION
During the processing phase, based upon the estimated uplink-channelĝ l lk , the l-th BS determines the M × 1 maximum ratio combining (MRC) vector for the k-th UE in the l-th cell.
In the uplink-data phase, all UEs send their uplink-data signals simultaneously. Thus, for the l-th BS (l ∈ G γ ) the received signal vector can be expressed as
where y up l ∈ C M ×1 , ρ u denotes the uplink-data power, G denotes the whole cells in the network, q up ik denotes the transmitted data of the k -th UE in the i-th cell ∼ CN (0, 1), and z up l is the AWGN vector.
The receiver of the l-th BS estimates the transmitted data of the k-th UE in the l-th cell by multiplying the conjugate-transpose of the estimated channel vector in (9) by the received signal vector in (11) aŝ
where the first term in (12) is the desired data and the second one is the pilot contamination (intra-group) interference. The third term n up lk denotes the mixture of intra-cell interference, inter-cell interference, inter-group interference, and uncorrelated noise [22] , which is described as
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Moreover, it can be proven that n up lk can be significantly decreased by increasing the number of BS antennas M [1] , [19] , [22] . Thanks to the law of large numbers, when the number of BS antenna M goes to infinity, the n up lk approaches zero. Therefor, for the k-th UE in the l-th cell, the uplink signalto-interference-plus-noise ratio (SINR) can be described as [19] , [22] 
where | · | denotes absolute value. Hence, the uplink achievable sum-rate for the l-th cell is given by [1] 
From (14) and (15), for an unlimited number of BS antennas M , both thermal noise and SSF effects can be averaged out and the achievable sum-rate is limited only by the LSF coefficients [19] .
The average uplink achievable rate per UE can be calculated as [30] 
III. PROPOSED PILOT ALLOCATION STRATEGY
As it is known, the TSPA strategy can eliminate the inter-group pilot contamination, however, the uplink SINR is still limited by the intra-group pilot contamination. This intra-group interference can be mitigated by the WGC based pilot assignment approach.
A. PROBLEM FORMULATION
Let the l-th cell in the γ -th group be the target cell. In this cell, there are K UEs set and S pilot sequences set. Thus, the number of possible pilot assignments can be expressed as K permutation S as A K S = S! (S−K )! . Unlike traditional TSPA approach that assigns the uplink-pilot sequence ψ P lk to the k-th UE in the l-th cell randomly, i.e., P lk ∈ {1, 2, . . . , S}, the proposed strategy uses the TSPA approach jointly with the WGC pilot allocation approach to maximize the uplink SINR for all K UEs in the target cell. This maximization can be formulated by the following optimization problem P P : max
where {F P } denotes all possible pilot allocations, I lk = { l , k : P l k = P lk } \ { l, k } denotes the set of UEs having the same pilot sequence as the k-th UE in the l-th cell [19] , [22] . The optimization problem P is difficult to solve as BS cannot get a perfect estimate of the channel in the presence of pilot contamination. Fortunately, for an unlimited number of BS antennas M , the limit of SINR can be represented by LSF coefficients as shown in (14) . These coefficients change slowly and can be simply tracked by the BSs. Consequently, the above optimization problem P can be simplified as
This simplified optimization problem P can be directly solved using the exhaustive search method, but it requires high computational complexity [17] , [19] .
B. WEIGHTED GRAPH CONSTRUCTION
Assume two UEs (the k-th and k -th) in two different cells (the l-th and l -th, respectively) in the same group G γ using the same uplink-pilot sequences, i.e., P lk = P l k . To measure the strength of pilot contamination between these two UEs, a metric ξ lk,l k was introduced in [19] as a pilot contamination severity (PCS), which is defined as
It is clear from (19) that the PCS metric represents the ratio between the interference channel and effective channel. Hence, the larger PCS between two UEs having the same pilot sequence, the more pilot contamination between them. The undirected weighted graph is constructed which consists of two sets (V , E). Vertexes in set V denotes all UEs in all cells in the γ -th group, i.e., V = { l, k : l ∈ G γ , 1 ≤ l ≤ N , 1 ≤ k ≤ K } and edges in set E denotes PCSs among UEs in different cells in the γ -th group, i.e., E = {ξ lk,l k : l = l }.
C. PROPOSED JOINT WGC/TS-PA STRATEGY
In [19] , the weighted graph coloring approach is presented to reduce the effect of pilot contamination.The weighted graph coloring approach is inspired by the DSATUR algorithm [19] , [31] with a limited color resource. In the DSATUR algorithm, vertexes are ordered in a descending order based on their degree and then, the ordered vertexes are colored sequentially with reusable colors. Similarly, in the WGC approach, different uplink-pilots are allocated to UEs in different cells in the same group with larger PCS. Since the pilot resource is restricted with coherence time, the same pilot sequence may be reused between two UEs in different cells in the same group having a small PCS. Fig. 4 (Flow Chart 1) presents the proposed joint pilot allocation strategy, which consists of the following four parts [19] : 1) Part 1: Cells Partitioning;
The cellular network is partitioned into groups based on the space between cells using the proposed cells grouping scheme in subsection II-B. Fig. 3 shows various cells grouping schemes assumed in our proposed strategy. Fig. 3(a) is a synchronous pilot approach as = 1, whereas Figs. 3(b) , 3(c), and 3(d) are time-shifted approaches as = 3, 4, and 7, respectively. It is noted that when = 1, the proposed joint strategy corresponds to the WGC approach. 2) Part 2: Initialization for the m-th Group;
to indicate that initially, there is no pilot assigned to any UE.
• Two pilots ψ 1 and ψ 2 are allocated to two UEs k 1 and k 2 in different cells l 1 and l 2 , respectively, having the largest PCS. This guarantees a minimum interference between these two UEs.
{l,k,l ,k ,l =l ,l,l ∈G m } ξ lk,l k . P l 1 k 1 = 1, P l 2 k 2 = 2.
• Then, the two UEs k 1 and k 2 are added to the allocated set .
After that, the rest of UEs will be chosen and the pilots will be allocated to them in a sequential manner until all UEs are allocated with pilots, i.e., P lk = 0, this will be explained in details in the next two parts.
3) Part 3: UE Choosing in the m-th Group;
• To choose UE, a new priority metric δ lk is defined as the sum of PCS among the k-th UE in the l-th cell in the m-th group and the UEs in the other cells in the same group within .
• Then, the k 0 -th UE in the l 0 -th cell in the m-th group with the largest δ out of the allocated set will be selected.
l 0 , k 0 = arg max l,k {δ lk : l, k / ∈ }.
4) Part 4: Pilot Allocation in the m-th Group;
• The optional uplink-pilot set is constructed, which includes the unused pilots in the l 0 -th cell in the m-th group to ensure that no reusing pilots within the same cell, i.e., P lk = P lk , k = k . = {s : ∀k, P l 0 k = s, 1 ≤ s ≤ S}.
• As the uplink-pilot resources are limited, the same pilot sequence can be reused among two UEs having a small PCS. Hence, a parameter η s is used to compute the pilot contamination between the UEs having the uplink-pilot s in and the k 0 -th UE in the l 0 -th cell if the pilot s is assigned to him.
• Eventually, the uplink-pilot having minimum η s is chosen to be allocated to the k 0 -th UE in the l 0 -th cell in the m-th group and this UE will be included in the allocated set .
The parts 2 and 3 are done sequentially until all UEs in the m-th group are allocated with their corresponding uplink-pilots and the output is {P lk }. The parts 2, 3, and 4 are applied from one group to another in a successive way.
From the definition of PCS in (19) , it is impossible to make it equal to zero, because this means that all UEs in all cells are assigned to different pilot sequences. So, the proposed joint strategy in Flow Chart 1 aims to minimize the PCS with limited pilot resources, which in turn maximizes SINR and hence, solves the simplified optimization problem P in (18) .
IV. SIMULATION RESULTS
This section represents the performance of the proposed joint strategy in Fig. 4 ( Flow Chart 1) using Monte-Carlo simulation. The cellular system considered in this paper is composed of L hexagonal cells; each cell has a central BS with M antennas and K single-antenna UEs. All UEs are assumed to be uniformly distributed over the cell radius R except for a central disk of radius r h . Perfect synchronization among cells in different groups is also considered. Table 1 summarizes the simulation parameters.
In this section, three performance parameters; namely, the channel estimation error, the average achievable rate per UE, and the computational complexity, are evaluated over different values of simulation parameters. The proposed joint WGC/TS-PA strategy ( = 4 and = 7) is compared with the following existing schemes: the classical scheme which assigns pilots to UEs randomly without cooperation among BSs [1] ; the weighted graph coloring scheme [19] , and the time/space domain joint pilot assignment scheme [22] . M = 128. The proposed joint strategy ( = 4 and = 7) has less NMSE than the other existing schemes, which indicates that the proposed joint strategy has less interference and better estimation quality than the other schemes. Fig. 6 shows the average NMSE for all UEs versus the number of antennas M in the BS with L = 48, K = 6, and ρ u = 20 dB. In the classical scheme [1] and the WGC scheme [19] , the NMSE of the LS estimator is independent of the number of antennas M . In contrast, in the joint pilot assignment scheme [22] and the proposed joint WGC/ TS-PA strategy ( = 4 and = 7), the NMSE is improved by increasing the number of BS antennas M . Since by using time-shifted pilot scheme, the pilot contamination can be reduced and thus the channel estimation can be improved. However, our proposed joint WGC/TS-PA strategy ( = 4 and = 7) has less mean square error than the joint scheme in [22] . Fig. 7 plots the average NMSE against the normalized uplink-data transmission power ρ u with L = 48, K = 6, and M = 64. It is obvious that the average NMSE for all schemes decreases with the increase of transmission power ρ u . This is because, for larger transmission power ρ u , the effect of pilot contamination will be more modest. However, the proposed joint strategy ( = 4 and = 7) has a lower value of the NMSE than the other schemes for a given value of transmission power ρ u . In the classical scheme [1] and the WGC scheme [19] , when ρ u < 10 dB, the reduction in the NMSE is significant. Whereas, in both the joint time/space scheme [22] and our proposed joint strategy ( = 4 and = 7), when ρ u < 20 dB, the reduction in the NMSE is significant. 
A. CHANNEL ESTIMATION ERROR

B. AVERAGE ACHIEVABLE RATE
Figs. 8 and 9 display the CDF for both the signal-tointerference ratio and the average uplink achievable rate per UE, respectively, with L = 48, K = 8, ρ u = 10 dB, and M = 512. Fig. 8 shows that the proposed joint WGC/TS-PA strategy ( = 4 and = 7) outperforms the classical scheme [1] , the WGC scheme [19] , and the time/space domain joint pilot assignment scheme [22] for different interference scenarios. It is also shown that as the number of groups increases, the performance of the proposed joint strategy gets better. As the greater number of groups, the better channel estimation due to less pilot contamination. This enhancement in the channel estimation can be shown more clearly in Fig. 5 . Also, in Figs. 8 and 9 , the performance of the proposed strategy when = 7 outperforms that when = 4, but at the cost of higher complexity of synchronization among BSs in different groups. Therefore, it is suitable to use the proposed joint WGC/TS-PA strategy with = 4 as a good trade-off between system performance and synchronization complexity. Fig. 10 shows the average uplink achievable rate per UE versus the normalized uplink-data transmission power ρ u with L = 48, K = 6, and M = 64. As seen in Fig. 10 , in the low-to-medium power region, the uplink rate for all schemes increases with increasing UEs' uplink-data power ρ u because the impact of noise gets smaller by increasing the power. On the other hand, in the high power region, the increase in uplink-rate will saturate as too large uplink-power leads to severe interference [28] . But, in any case, our proposed joint WGC/TS-PA strategy has larger uplink rate than the other schemes for different values of ρ u . Fig. 11 displays the average uplink achievable rate per UE versus the number of antennas, M in the BS with L = 7, K = 6, and ρ u = 10 dB. This figure shows that the uplink achievable rate increases with the increasing of the number of antennas M . At a lower number of antennas, Fig. 11 implies that the achievable rate improvement of our proposed joint strategy is not much superior to the other schemes. On the other hand, as the number of antennas increases, our proposed joint strategy becomes more superior to the other schemes in uplink achievable rate. This because as the number of antennas increases, the UEs experience less interference, and the assumption of (14) becomes more accurate. Especially for M = 100, the proposed joint strategy outperforms both the classical scheme and the WGC scheme by about 0.08 and 0.06 bps/Hz, respectively. Hence, our proposed joint strategy is more suitable, especially when the number BS of antennas is large.
C. COMPUTATIONAL COMPLEXITY
Although the exhaustive search method is the optimal solution to solve the optimization problem P , it needs a very high computational complexity of O((A K S ) L−1 ) [19] . The WGC approach in [19] requires a computational complexity of O(S(KL) 3 ). For one group containing N cells, our proposed joint WGC/TS-PA strategy requires a computational complexity of O(S(KN ) 3 ). Thus, for groups to cover the entire network, the proposed joint strategy requires a computational complexity of O( S(KN ) 3 ) which is less than both the exhaustive search method and the WGC approach. Table 2 summarizes the computational complexity of the exhaustive search method, the WGC approach, and the proposed joint WGC/TS-PA strategy. Also, it presents the complexity reduction factor of the proposed joint WGC/TS-PA strategy with respect to either the exhaustive search method or the WGC approach at L = 16, = 4, and S = K = 6. Fig. 12 illustrates the computational complexity versus the number of groups at L = 48 and S = K = 6. Clearly, the computational complexity of the proposed joint WGC/TS-PA strategy decreases with increasing , whereas both the WGC approach and the exhaustive search method have constant computational complexity values for different values of . This figure also shows that when = 1 the proposed Joint strategy and the WGC approach have the same complexity. Finally, Figs. 13 and 14 plot the computational complexity against the number of cells L and the number of UEs K , respectively. The computational complexity of the proposed joint strategy ( = 4 and = 7) is much less than that of the WGC approach because, at any instant time, the proposed joint strategy assigns pilots only to N cells rather than to the whole L cells in the cellular network. Although the proposed joint strategy reduces the computational complexity of the pilot allocation, it is worth mentioning that it requires a perfect synchronization among cells. Also, in our future research, we intend to concern the pilot-to-downlink-data interference cancellation in the TSPA approach as in [16] .
V. CONCLUSION
This paper proposes merging of two different pilot allocation approaches; namely, time-shifted and weighted graph coloring, to mitigate the pilot contamination problem. In the time-shifted approach, the cellular network is divided into groups, whereby UEs in different groups transmit their uplink-pilots asynchronously and hence reducing inter-group interference. To ensure that there are no two adjacent cells in the same group, a cells grouping scheme based on the distance between BSs is proposed using backtracking graph coloring algorithm. During the uplink-pilot phase of each group, a heuristic weighted-graph coloring approach is used to reduce intra-group interference. The obtained results show that the proposed joint WGC/TS-PA strategy can improve the system performance and mitigate pilot contamination simultaneously, with lower complexity than the WGC approach and that of the exhaustive search method. The simulation results show that the proposed joint WGC/TS-PA strategy reduces the mean square error of channel estimation and improves the system performance than the classical scheme and the weighted graph coloring scheme by about 12.9% and 9.3%, respectively, when the number of BS antennas M = 100 is considered.
